thus improving upon a bound of Mordell. Analogous results are obtained for Laurent polynomials and for mixed exponential sums.
AN IMPROVED MORDELL TYPE BOUND FOR EXPONENTIAL SUMS
TODD
Introduction
For a prime p, an integer Laurent polynomial
where the k i are distinct and nonzero mod (p − 1), and a multiplicative character χ mod p we consider the mixed exponential sum
where e p (·) is the additive character e p (·) = e 2πi·/p on the finite field Z p . For χ = χ 0 , the principal character, the sum is just a pure exponential sum
, as is easily seen from the change of variables x → xu if there is a u with u d = 1 and χ(u) = 1. The classical Weil bound [12] (see [2] or [10] for Laurent f ),
where (assuming for the moment that [9] that predates the work of Weil:
Although Mordell only considered pure exponential sums, his method easily extends to the case of mixed sums. Davenport [5] obtained some refinements of Mordell's work, but his results were superseded by Weil; see also Shparlinski [11, p.88] . For further discussion of the case of monomials see [6] and [8] , and for binomials [7] , [1] , [3] and [14] . We show here how a simple application of Hölder's inequality (of the type employed by Heath-Brown and Konyagin in [6] ) can substantially improve the bound of Mordell: Theorem 1.1. For any f and χ as above,
The theorem implies a nontrivial bound on |S(χ, f )| for 1 2 . . . r < 4 −r p r/2 . The following example shows that in general the exponent 1/r 2 on the product
and so by Weil's bound,
Weaker types of bounds on |S(χ 0 , f)|, nontrivial even when all the k i are on the order of p in size, were obtained by the authors in [4] . A key ingredient in the proof of both Mordell's theorem and our own is the estimation of
Mordell deduced (1.3) from the bounds 
Using the bound of Mordell (1.5) and 2r r < 2 2r one immediately obtains Theorem 1.1. In Lemma 3.1, we obtain a slight refinement of (1.5) using a version of Bezout's Theorem proved by Wooley [13] . We also state a sharp upper bound on M for the case r = 2 in Lemma 3.2.
For r = 1 and
, and we recover from Theorem 1.2 the Weil bound for twisted Gauss sums,
For r = 2, 1 ≤ l < k, we obtain from Theorem 1.2 and Lemma 3.2,
which is nontrivial and improves on Weil (1.2) when (pl)
Proof of Theorem 1.2
For u = (u 1 , ..., u r ) ∈ Z r p , we define
and observe that (2.1)
For any multiplicative character χ, 
and so
Applying Hölder's inequality twice, the second time splitting
and using (2.1) and (2.2) gives
Estimation of M
We establish here the following refinement of Mordell's upper bound (1.5).
Lemma 3.1. For any integers
where the e = 2.718... can be dropped if all the exponents are positive.
The factor of e can also be removed when r = 3, while for r = 2 we have the sharper Lemma 3.2. If all k i are positive, it is reasonable to conjecture
which would be best possible in view of the following example. , any such x 1 , . . . , x r is trivially a solution. Hence we obtain
For the case r = 2 we obtain this best possible estimate.
Lemma 3.2. If r = 2, then we have
For a positive integer l| 
A result of Wooley [13] shows that for any set of
(since we are solving the simultaneous polynomial congruences
and for l ≤ d,
Hence, interchanging x and y as necessary,
For a particular solution x 1 , ..., x r , y 1 , ..., y r with κ( x) = d, κ( y) = l, we have sub- sets {u 1 , ..., u d } ⊆ {x 1 , ..., x r } and {v 1 , ..., v d } ⊆ {y 1 , ..., y r } with D d (u 1 , ..., u d ) 
